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A New Algorithm to Compare the Magnitude of
Two RNS Numbers
Parham Ghayour
Abstract—Comparison of two numbers in RNS systems is a
challenging task. In this paper, a new algorithm to compare
the magnitude of two RNS numbers, using a clustering method
has been proposed. In the clustering process, each inputted
number is assigned to a cluster. To compare the magnitude of two
numbers, first the clusters of these numbers and their differences
are obtained. Then by comparing these clusters, the relative
magnitude of two numbers is determined. All of these processes
are performed in RNS system without converting numbers to the
binary system.
Index Terms—Comparison, RNS system, Clustering
I. INTRODUCTION
Since the advent of the residue number system, it has
attracted considerable attention, mostly because it has carry
free arithmetic operations. One of the difficulties of the residue
number system is the determination of the relative magnitude
of two numbers. There have been many techniques that are
proposed as a solution but all of them have some limitations.
The traditional techniques for magnitude comparison in RNS
use the Chinese Remainder Theorem or the Mixed Radix
Conversion to convert the numbers from the residues to
a positional code [3], [6]. However both these techniques
are inefficient, because CRT requires modulo M operations
(where M is the range of the number system) and MRC is
a slow sequential method. Another technique for comparing
the magnitude of numbers in residue representation, originally
proposed by Akushskii, Burcev and Park, uses the concept of
core function.The authors proposed and applied a descendent
and lift scheme to determine the critical core values. An
improved version of this technique has been proposed several
years later, avoiding the iterative procedure at the cost of intro-
ducing a redundant modulus [2]. Another proposed approach
for magnitude number comparison in RNS is based on the
diagonal function, defined as the sum of suitable quotients for
estimating its magnitude order [1] . A new algorithm based on
the New Chinese Reminder Theorems has also been proposed
in [4] to compare the magnitude of numbers in RNS [5].
By applying the new CRT II, it reduces the CRT modulo
operation size to
√
M . Recently, a new method is proposed for
magnitude comparison that is based on two pairs of conjugate
moduli. All of these techniques have some limitations in
choosing modulo set. In this paper a new technique for
magnitude comparison in RNS numbers is proposed. In the
proposed method, the modulo set of RNS system is considered
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to be { t,p,q }, while t,p and q are mutually relatively prime
numbers. First, a cluster is assigned to each number. Then,
by comparing these clusters, the relative magnitude of two
numbers is determined. All of these processes are performed
in RNS system without converting numbers to the binary
system. The rest of paper is organized as follows. In section
II, the clustering process, the core process of the proposed
algorithm is presented. The main algorithm to compare two
RNS numbers using clustering method is introduced in section
III. In Section IV the Boolean circuit of the algorithm for
the modulo set (2, 3, 5) has been proposed and section V
concludes the paper.
II. CLUSTERING PROCESS
The technique represented in the clustering process deter-
mines that each number (r1, r2, r3) of modulo set (p1, p2, p3)
is in which cluster . All numbers in the range of this
RNS system, where M = p1 × p2 × p3, is divided into
p1 clusters. Cluster[1] consists of numbers between zero to
(M/p1)− 1 . Cluster[2] consists of numbers between (M/p1)
to (2×M/p1)−1 and therefore Cluster[p1] consists of numbers
between ((p1 − 1)×M/p1) to (p1 ×M/p1)− 1.
Each one of the clusters could be categorized into p2
groups (0, p2 − 1), because the second residue r2 of each
number in each cluster vary from (0, p2 − 1). This is the
list of the numbers of the cluster m in order of magnitude
that have r2 = r, and r ∈ (0, p2 − 1). We call each group
by its r2 component, table (I). That is, group(r) consists of
numbers which second component r2 is equal to r, r2 = r.
The other parameters in table (I) are defined as follows. In
these definitions, a.mod.b is the residue of dividing a to b.
D(m) = (m− 1)× p2 × p3
A(j,m) = (D(m) + (j × p2 + r)). mod.p1
B(j,m) = (D(m) + (j × p2 + r)). mod.p2 = r
C(j,m) = (D(m) + (j × p2 + r)). mod.p3 = (j × p2 + r).
mod.p3
Note:
1- j ∈ (0 to p3 − 1)
2- m ∈ (1 to p1)
3- B(j,m) = r
4- C(j,m) is independent of the value of m.
In other words all of the numbers in table (I) , N(j,m),
have r2 or B(j,m) equal to r. A(j,m), B(j,m) and C(j,m)
are the residues of division of N(j,m) to p1, p2 and p3.
2TABLE I
THE NUMBERS THAT HAVE r2=R (GROUP R) IN CLUSTER M
Num P1 P2 P3
N(j,m) A(j,m) B(j,m) C(j,m)
N(D(m)) A(D(m)) B(D(m)) C(D(m))
N(D(m)+1) A(D(m)+1) B(D(m)+1) C(D(m)+1)
... ... ... ...
N(D(m)+(P3 − 1)) A(D(m)+(P3 − 1)) B(D(m)+(P3 − 1)) C(D(m)+(P3 − 1))
Now, if we calculate for each group the residues of the
division of each one of the fourth column residues C(j,m)
for j = (0 to p3 − 1) to p2, it can have p2 different answers.
We call each one of these answers a subgroup.
Note:
the equation below is for i ∈ (0, p2 − 1).
S(r, i) = r − (i× (p3.mod.p2)).mod.p2
If we combine the subgroups of all of the groups we
achieve a new table: The columns represent the groups and
the rows represent the subgroups (Table II). We have already
attained the initial requirements for determining the cluster
of a number, so therefore the following lines describe the
procedure:
If we want to determine that a number X = (x1, x2, x3)
belongs to which cluster,
1- We build the table II
2- For finding the group: r = x2 → we find r
3- For finding the subgroup:
3-1- we compute C(j,m).mod.p2
(C(j,m) = x3)
3-2- s(r, i) = C(j,m).mod.p2 → we find i ( we look up the
tableII)
4- We assign a relation to the subgroups of groups of all
clusters: General form of a relation of a number N(j,m) that
belongs to the subgroup i and group r and cluster m:
re(i, j,m) : ( C(j,m)+i×(p3)+(m−1)×p2×p3 ).mod.p1 =
A(j,m)
i ∈ (0, p2 − 1) number of subgroup
j ∈ (0, p3 − 1)
m : the number of the cluster 1 to p1
4-1 After finding i the only unknown variable of the
relation equation is m (1 to p1) that we solve the equation
for m, therefore we find the cluster that number is in it.
PROOF:
We use deductive reasoning to proof the general form
of the relations for every number in cluster(m) and group(r) ,
N(j,m) (j ∈ (0, p3 − 1),m ∈ (1, p1)) :
1-First we proof that it is correct for j = 0, i = 0,m = 0 :
we should show that:
re(0, 0, 1) : ( C(0, 1)+0×(p3)+(1−1)×(p2×p3) ).mod.p1 =
A(0, 1)→ ( C(0, 1)+0×(p3)+(1−1)×(p2×p3) ).mod.p1 =
r.mod.p1 (1)
A(0, 1) = r.mod.p1 (2)
From (1) and (2) we conclude that re(0,0,1) is correct.
2- Now we assume that relation re(i,j,m) is correct then
we should proof that it is correct for :
(C(j,m) + i × (p3) + (m − 1) × p2 × p3).mod.p1 =
A(j,m) = ( D(m) + (j × p2 + r) ). mod.p1
2-1 re(i, j+1, m)
We should proof that this relation is correct:
re(i, j + 1,m) :
(C(j + 1,m) + i × (p3) + (m − 1) × (p2 × p3)).mod.p1 =
A(j + 1,m)
( C(j + 1,m) + i× (p3) + (m− 1)× (p2 × p3) ).mod.p1 =
( (C(j,m)+p2)+ i×(p3)+(m−1)×(p2×p3) ).mod.p1 (1)
since number of subgroup i havent changed
A(j + 1,m) = ( p2 +D(m) + (j × p2 + r) ). mod.p1 (2)
From (1) and (2) we conclude that the re(i, j+1,
m) is correct, because if (a.mod.c = b.mod.c) then
(a+ d).mod.c = (b + d).mod.c ( in this case c =p2)
2-2 re(i+1, j+1, m) We should proof that this relation
is correct: re(i + 1, j + 1,m) : ( C(j + 1,m) + (i + 1) ×
(p3) + (m− 1)× (p2 × p3) ).mod.p1 = A(j + 1,m)
TABLE II
THE SUBGROUPS OF GROUP(R) FOR THE NUMBERS OF CLUSTER M
Subgroup(r)=Subgroups of group(r)
p3
S(r,i)
S(r,0)
S(r,1)
...
S(r,p2-1)
3TABLE III
GROUPS AND SUBGROUPS
S(0,0) s(1,0) ... s(p2-1,0)
S(0,1) s(1,1) ... s(p2-1,1)
... ... ... ...
S(0,p2-1) s(1,p2-1) ... s(p2-1,p2-1)
( C(j+1,m)+(i+1)×(p3)+(m−1)×(p2×p3) ).mod.p1 =
( ((j + 1)× p2 + r).mod.p3 + p3 + i× p3 + (m− 1)× (p2 ×
p3)).mod.p1
, since ( p2 < p3 and i→ i+1)→ ( ((j)×p2+r).mod.p3+
p2−p3+p3+ i×p3+(m−1)×(p2×p3) ).mod.p1 = (((j)×
p2+r).mod.p3+p2+i×p3+(m−1)×(p2×p3)).mod.p1 (1)
A(j + 1,m) = ( p2 +D(m) + (j × p2 + r) ).mod.p1 (2)
From (1), (2) we conclude that re (i+1, j+1, m) is correct.
2-3 re (i+1, j+1, m+1) We should proof that this relation is
correct:
re(i + 1, j + 1,m + 1) : (C(j + 1,m + 1) + (i + 1) ×
(p3) + ((m+1)− 1)× (p2× p3)).mod.p1 = A(j +1,m+1)
(C(j + 1,m+ 1) + (i + 1) × (p3) + ((m + 1) − 1) × (p2 ×
p3)).mod.p1,
since (p2 < p3 and i→ i+ 1) (1)
(C(j,m) + p2 − p3 + p3 + i × (p3) + p2 × p3 + (m −
1) × (p2 × p3)).mod.p1 = (C(j,m) + p2 + i × (p3) + p2 ×
p3 + (m− 1)× (p2 × p3)).mod.p1
A(j + 1,m + 1) = (D(m + 1) + ((j + 1) × p2 + r)).
mod.p1 = (p2 × p3 + p2 +D(m) + (j × p2 + r)).mod.p1 (2)
From (1) and (2) we conclude that re (i+1, j+1, m+1)
is correct because if (a.mod.c = b.mod.c) then
((a+d).mod.c = (b+d).mod.c) ( in this case c = p2×p3 +p2)
Example 1:
For Modulo set (3 5 7) find out that the number (2 1
4) = 11 belongs to which cluster?
P1 = 3 → we have three clusters.
First cluster: 0 to (M/p1)− 1 = 0 to 34
Second cluster: (M/p1) to (2×M/p1)− 1 = 35 to 69
Third cluster: 2×M/p1 to (3×M/p1)− 1 = 70 to 104
We must show that the number (2 1 4) =11 belongs to the
first cluster.
Solution:
1- r2 = 1 so the number belongs to the group 1. →
r=1
2- We build the table III (to find the values of s (1, i)).
using (5) → S (1,i) : s (1,0) = 1, s (1, 1) = 4, s (1,2) = 2, s
(1, 3) = 0, s (1, 4) = 3
3- for finding the subgroup r3.mod.p2 = 4.mod.5 = 4 → s
(1, 1)= 4 → i=1
4- we want to find that which relation is correct for this
number therefore we could find out the cluster.
re (i, j, m): (C(j,m).mod.p1 + i× (p3.mod.p1) + (m− 1)×
(p2 × p3.mod.p1)).mod.p1 = A(j,m) C(j,m) = r3
, A(j,m) = r1 → r3.mod.p1 + i × p3.mod.p1 +
(m − 1) × (p2 × p3.mod.p1).mod.p1 = r1Re(1,m) :
(4.mod.3+1×7.mod.3+(m−1)×(5×7.mod.3)).mod.3 = 2
→ (2×m).mod.3 = 2 →
M:1 to p1=3 → m=1
The number is in the first cluster.
Example 2:
For Modulo set (3 5 7) find out that the number (2 0
6)=20 belongs to which cluster?
Solution:
1- r2 = 0 → r=0
2- S (0,i) : s (0,0) = 0 s (0, 1) = 3 s (0,2) = 1 s (0, 3) = 4 s
(0, 4) = 2
3- r3.mod.p2 = 6.mod.5 = 1 → s (0, 2) = 1 → i=2
4-Re(2,m) : (6.mod.3 + 2 × 7.mod.3 + (m − 1) × (5 ×
7.mod.3)).mod.3 = 2 → (2×m).mod.3 = 2 →
M:1 to p1=3 → m=1
The number is in the first cluster.
Example 3:
For Modulo set (3 5 7) find out that the number (1 2
3)=52 belongs to which cluster?
Solution:
1- r2 = 2 → r = 2
2- S (2,i) : s (2,0) = 2 s (2, 1) = 0 s (2,2) = 3 s (2, 3) = 1 s
(2, 4) = 4
3- r3.mod.p2 = 3.mod.5 = 3 → s (2, 2) = 3 → i=2
4- Re(2,m) : (3.mod.3 + 2 × 7.mod.3 + (m − 1) × (5 ×
7.mod.3)).mod.3 = 1 → (2×m).mod.3 = 1 →
M : 1 to p1 = 3 → m=2
The number is in the second cluster.
Example 4:
For Modulo set (3 5 7) find out that the number (0 3
0)=63 belongs to which cluster?
Solution:
1- r2 = 3 → r = 3
2- S (3,i) : s (3,0) = 3 s (3, 1) = 1 s (3,2) = 4 s (3, 3) = 2 s
(3, 4) = 0
3- r3.mod.p2 = 0.mod.5 = 0 → s (3, 4) = 0 → i=4
44- Re(4,m) : (0.mod.3 + 4 × 7.mod.3 + (m − 1) × (5 ×
7.mod.3)).mod.3 = 0 → (2×m+ 2).mod.3 = 0 →
M:1 to p1=3 → m=2
The number is in the second cluster.
Example 5:
For Modulo set (3 5 7) find out that the number (0 1
5)=96 belongs to which cluster?
Solution:
1- r2 = 1 → r = 1
2- S (1,i) : s (1,0) = 1 s (1, 1) = 4 s (1,2) = 2 s (1, 3) = 0 s
(1, 4) = 3
3-r3.mod.p2 = 5.mod.5 = 0 → s(1, 3) = 0 → i = 3
4-Re(3,m) : (5.mod.3 + 3 × 7.mod.3 + (m − 1)(5 ×
7.mod.3)).mod.3 = 0 → (2×m+ 3). mod.3=0 →
M : 1 to p1 = 3 → m=3
The number is in the third cluster.
III. PROPOSED ALGORITHM TO COMPARE THE
MAGNITUDE OF TWO NUMBERS USING CLUSTERING
METHOD
In order to compare the magnitude of two numbers, X and
Y, the following algorithm is proposed.
1. Consider modulo set P=(p1, p2, p3).
2. Input X= (x1, x2, x3), where xi = X.mod.pi for i=1 to 3
3. Input Y= (y1, y2, y3), whereyi = Y.mod.pi for i=1 to 3
4. Find Z=X-Y in the given modulo set Z = (z1, z2, z3),
where zi = (xi − yi).mod.pifor i=1 to 3
5. Find cluster of X, CL(X), using section.2
6. Find cluster of Y, CL(Y), using section.2
7. Find cluster of Z, CL(Z), using section.2
8. If Z=0 then X=Y else
If CL(X) > CL(Y) then X > Y End if.
If CL(X) < CL(Y) then X < Y End if.
If CL(X) = CL(Y) .and. CL(Z) = 1 then X> Y End if.
If CL(X) = CL(Y) .and. CL(Z) = p1 then X< Y End if.
End if.
Fig.1. Algorithm to Compare Two Numbers Using Clustering
Method
Example 1:
For modulo set (3 5 7) find out that which one of these two
numbers have a greater magnitude?
X= (0, 1, 5)=96
Y= (2, 1, 4)=11
Solution:
We use algorithm in fig.1
1- We find Z → Z=(1, 0, 1) 6= 0
2- We find CL(X) → CL(X) =3 (from example 5 section 2)
Note: CL(X) = 1 means that X belongs to the first cluster.
CL(X) = 2 means that X belongs to the second cluster.
CL(X) = 3 means that X belongs to the third cluster.
3- We find CL(Y) → CL(Y) = 1 (from example 1 section 2)
4- We compare CL(X) and CL(Y) :
4-1- CL(X) =3
4-2- CL(Y) =1
From 4-1 and 4-2 →CL(X)> CL(Y)
5- Z 6= 0, CL(X)> CL(Y) → X>Y (from Fig 1)
Example 2:
For modulo set (3 5 7) find out that which one of these two
numbers have a greater magnitude?
X= (2, 1, 4) =11 Y= (0, 1, 5) =52
Solution:
1- Z 6=0
2- CL(X) = 1 (from example1 section 2)
3- CL(Y) = 2 (from example 3 section 2)
4- CL(Y) > CL(X) → Y > X
Example 3:
For modulo set (3 5 7) find out that which one of these two
numbers have a greater magnitude?
X= (0, 3, 0) =63
Y= (0, 1, 5) =52
Solution :
1- Z 6= 0
2- CL(X) = 2 (from example 4 section 2)
3- CL(Y) = 2 (from example 3 section 2)
4- Z = X-Y = 11 = (2 1 4)
5- CL(Z) = 1 (from example 1 section 2) → X > Y
IV. BOOLEAN CIRCUIT
The Boolean circuit for cluster finding algorithm for the
moduli set (2,3,5) has been presented below the input is any
number N = (N1, N2, N3) which belongs to this cluster.
N1 = (N11, N12)
N2 = (N21, N22)
N3 = (N13, N23, N33)
{N11, N12, N21, N22, N13, N23, N33} ∈ {0, 1}
if OUT = 0 → the number belongs to the first cluster.
if OUT = 1 → the number belongs to the second cluster.
5N13
N11
N13
N23
N33
N13
N23
N33
N12
N22
OUT
V. CONCLUSION
Comparison of two numbers, like division of two numbers,
in RNS systems is considered a difficult task. In this paper, a
new algorithm to compare the magnitude of two RNS num-
bers, using a clustering method, was proposed. The modulo
set of RNS system was considered to be t,p,q. In the proposed
algorithm, first, a clustering process was introduced in order
to assign a cluster to each inputted number. To compare the
magnitude of two numbers, the clusters of these numbers and
their difference were obtained. Then by comparing those clus-
ters, the relative magnitude of two numbers was determined.
All of those processes were performed in RNS system without
converting numbers to the binary system.
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